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In Combinatorial Enumeration

combinatorial J  weight generating
objects ’ functions
S F——— F =Yeswt(s)

wt(s) can be x(52¢°f5) or it can be more general.

Learning about F tells us about S.

0 eg., asymptotics, exact counts, etc.
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How Combinatorialists do Algebra?

fabricated
[ ial of . )
PO iynntzrrzlsi © > combinatorial
objects
F — S

Learning about S tells us about F.
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Simplest goal: F =G

F and G are weight generating functions of S and T. How to combinatorially prove

F=G?
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Simplest goal: F =G

F and G are weight generating functions of S and T. How to combinatorially prove

F=G?

A strategy
Construct a weight-preserving bijection between S and T. J
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Weight-preserving Bijections

Weight-preserving bijections:
f:S—>T with an inverse g: T—S
such that, whenever f(S) = T, we have

wt(S) =wt(T).
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Weight-preserving Bijections

Weight-preserving bijections:
f:S—>T with an inverse g: T—S
such that, whenever f(S) = T, we have
wt(S) =wt(T).
Proposition
If there exists a weight-preserving bijection between S and T, then

Y wt(S) =) wt(T).

Ses TeT
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Weight-preserving Bijections

Weight-preserving bijections:
f:S—>T with an inverse g: T—S
such that, whenever f(S) = T, we have
wt(S) =wt(T).
Proposition
If there exists a weight-preserving bijection between S and T, then

Y wt(S) =) wt(T).

Ses TeT

What about when it’s hard (or impossible) to find a weight-preserving bijection?
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Probabilistic Bijections

Probabilistic bijection: pair of maps to an algebra A (Frieden and Schreier-Aigner 2024)
probg: SXxT —+A and probt: TxS— A
such that, forall S€eSand T €T,
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Probabilistic Bijections

Probabilistic bijection: pair of maps to an algebra A (Frieden and Schreier-Aigner 2024)
probg: SXxT —+A and probt: TxS— A
such that, forall S€eSand T €T,

o probabilities sum to 1: ) probg(S,T)=1and ) proby(T,S)=1,
TeT SeS
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Probabilistic Bijections

Probabilistic bijection: pair of maps to an algebra A (Frieden and Schreier-Aigner 2024)
probg: SXxT —+A and probt: TxS— A
such that, forall S€eSand T €T,

o probabilities sum to 1: ) probg(S,T)=1and ) proby(T,S)=1,
TeT SeS

e balance condition: wt(S) probg(S, T) = wt(T)probt(T,S).
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Probabilistic Bijections

Probabilistic bijection: pair of maps to an algebra A (Frieden and Schreier-Aigner 2024)
probg: SXxT —+A and probt: TxS— A
such that, forall S€eSand T €T,

o probabilities sum to 1: ) probg(S,T)=1and ) proby(T,S)=1,
TeT SeS

e balance condition: wt(S) probg(S, T) = wt(T)probt(T,S).

Proposition
If there exists a probabilistic bijection between S and T, then

Z wt(S) = Z wt(T).

Ses TET
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Proof of Proposition

Proposition

If there exists a probabilistic bijection between S and T, then

Z wt(S) = Z wt(T).

Ses TET

Proof

Y 1-wt(S)

Ses
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Proof of Proposition

Proposition

If there exists a probabilistic bijection between S and T, then

Z wt(S) = Z wt(T)

Ses TET

Proof

Y 1-wt(S)=) ) probg(S, T)wt(S)

(probabilities sum to 1)
Ses SeSTeT
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Proof of Proposition

Proposition

If there exists a probabilistic bijection between S and T, then

Z wt(S) = Z wt(T).

Ses TeT )
Proof
Y 1-wt(S)=) ) probg(S, T)wt(S) (probabilities sum to 1)
Ses SeSTeT
= Z Z probr(T,S)wt(T) (balance condition)
TeTSeS
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Proof of Proposition

Proposition
If there exists a probabilistic bijection between S and T, then
Z wt(S) = Z wt(T).
Ses TeT )
Proof
Y 1-wt(S)=) ) probg(S, T)wt(S) (probabilities sum to 1)
Ses SeSTeT
= Z Z probr(T,S)wt(T) (balance condition)
TEeTSeS
= Z 1-wt(T). (probabilities sum to 1)
TeT O
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Example (Spoiler)

g*1-n*e Ty = i ; 7] —
222 (1-ad)—q) 17 I
31124 \ q2t2(1\
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[ 2(1-1)%
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Part Il

Macdonald Polynomials and

Non-Attacking Fillings
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Macdonald Polynomials

Symmetric Macdonald polynomials (Macdonald 1988)
Py(x1,...,%n; q,1)
where A is a partition.
@ Unique basis under triangularity and orthogonality conditions.

@ Extension of Jack polynomials, Hall-Littlewood polynomials, g-Wittaker polynomials, Schur polynomials.

Nonsymmetric Macdonald polynomials (Macdonald 1996)
Ea(x1,...,Xn; q,t)
where o is a composition.
@ Help understand symmetric Macdonald polynomials.

@ Extend Demazure characters (key polynomials) and atom polynomials.

Zeus Dantas e Moura (Waterloo) Probabilistic Bijections for Non-Attacking Fillings May 24, 2025



Permuted Basement Macdonald Polynomials

Permuted basement Macdonald polynomials (Ferreira 2011)

ES(x1,---,%n; g, t)
where o is a composition and o is a permutation.

They can be described as:
@ a transformation of nonsymmetric Macdonald polynomials by Demazure—Lusztig operators,
@ eigenfunctions of a version of Cherednik—Dunkl operators,

@ the weight generating functions of non-attacking fillings.
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Augmented Skyline Diagrams

skyline diagram of a composition «:

a=(2301 2 0)

o = N W

1 2 3 4 5 6
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Augmented Skyline Diagrams

Augmented skyline diagram of a composition a: (basement = row 0 = red)

a=(2301 2 0)

o = N W

1 2 3 4 5 6
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Augmented Skyline Diagrams

Augmented skyline diagram of a composition a: (basement = row 0 = red)

a=(2301 2 0)

o = N W

1 2 3 4 5 6
A pair of boxes is attacking if:

[]
D D or D

same row consecutive rows
top box to the right
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Non-Attacking Fillings

A non-attacking filling of shape o is an assignment of numbers {1,...,n} to the diagram of a such
that attacking boxes have different entries.

e.g. shape o =(2,2,0,1)

4.—
1[2] [4
1]2]4
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Non-Attacking Fillings

A non-attacking filling of shape o is an assignment of numbers {1,...,n} to the diagram of a such
that attacking boxes have different entries.

The basement of a filling is the permutation ¢ = (01, 02,...,0,) € S, of the entries in the basement
row, from left to right.

e.g. shape o =(2,2,0,1) and basement o = [3,1,2,4]

214,
1(2 4
311|2|4

Zeus Dantas e Moura (Waterloo) Probabilistic Bijections for Non-Attacking Fillings May 24, 2025



Non-Attacking Fillings

A non-attacking filling of shape o is an assignment of numbers {1,...,n} to the diagram of a such
that attacking boxes have different entries.

The basement of a filling is the permutation ¢ = (01, 02,...,0,) € S, of the entries in the basement
row, from left to right.

e.g. shape o =(2,2,0,1) and basement o = [3,1,2,4]

214,
1(2 4
311|2|4

The content counts how many i's are in the filling (excluding the basement).
e.g. the filling above has content (1,2,0,2)

xT = xi{x3x9x2
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Statistics of Non-Attacking Fillings: maj and coinv

@ major index:

@ coinversion number:
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Statistics of Non-Attacking Fillings: maj and coinv

@ major index: maj(T) = Z (1+leg(uw)),
T(u)> T (south of u)

214

1/2| |4

3|11]2]|4

maj(T)=1+14+2=4

@ coinversion number:
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Statistics of Non-Attacking Fillings: maj and coinv

@ major index: maj(T) = Z (1+leg(uw)),
T(u)> T (south of u)

(1)1

2| |4

3|11]2]|4

maj(T)=1+14+2=4

@ coinversion number:
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Statistics of Non-Attacking Fillings: maj and coinv

@ major index: maj(T) = Z (1+leg(uw)),
T(u)> T (south of u)
a)
112] |4
3|11]2]|4

maj(T)=1+1+2=4

@ coinversion number:
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Statistics of Non-Attacking Fillings: maj and coinv

@ major index: maj(T) = Z (1+leg(uw)),
T(u)> T (south of u)
2[a]
12]) [4
3[1]2]4

maj(T)=1+14+2=4

@ coinversion number:
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Statistics of Non-Attacking Fillings: maj and coinv

@ major index: maj(T) = Z (1+leg(uw)),
T(u)> T (south of u)

214

1/2| |4

3|11]2]|4

maj(T)=1+14+2=4

@ coinversion number:
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Statistics of Non-Attacking Fillings: maj and coinv

maj(T) = Y (1+leg(w)),

@ major index:
T(u)> T (south of u)

2[4
1(2
3|1
maj(T)=1+1+2=4

4]
4

2

@ coinversion number: coinv(T) = #{coinversion triples}

2[4 2[4 2[4 2[4 2[4

1[2] [4] 12| [4] 12| [4] 1[2] [4] 1[2] [4]

3[12]4]  [B]1]2]4] [3]1]2]4] [3[x]2]4] [3]1]2]4

1<2<4 1<2<3 4>3>1 1<2<4 4>4>2
coinv(T) =3

May 24, 2025
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Weight of a Non-Attacking Filling

1—t
1— q1+|eg(u) t1+arm(u)

Wtq,t( T) _ qmaj(T) tcoinv( T)
T (u)#T (south of u)

2[4]
12| [a
3[1]2]4

(1-1)*

_ 4.3
wig.i(T) =gt (1—q2t3)(1— q%t2)(1 — qt2)(1 — qt)’
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Weight of a Non-Attacking Filling

1—t
1— q1+|eg(u) t1+arm(u)

Wtq,t( T) _ qmaj(T) tcoinv( T)
T (u)#T (south of u)

2[4]
12| [a
3[1]2]4

(1-1)*

_ 4.3
wig.i(T) = q't (1—q2t3)(1— q%t2)(1 — qt2)(1 — qt)’
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Weight of a Non-Attacking Filling

1—t
1— q1+|eg(u) t1+arm(u)

Wtq,t( T) _ qmaj(T) t_coinv(T)
T (u)#T (south of u)

2[4]
12| [a
3[1]2]4

(1-1)*

_ 4.3
wig.i(T) =gt (1—q2t3)(1— q%t2)(1 — qt2)(1 — qt)’
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Weight of a Non-Attacking Filling

1-—1t
1— q1+|eg(u) t1+arm(u)

wtg t( T) _ qmaj(T) tcoinv( T) H
T (u)#T (south of u)

Wi IN

(4]
4

(1- 1)’

_ 4.3
wig.i(T) =gt (1—q%t3)(1—q2t2)(1 — qt2)(1 —qt)
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Weight of a Non-Attacking Filling

1—t
1— q1+|eg(u) t1+arm(u)

Wtq,t( T) _ qmaj(T) tcoinv( T)
T (u)#T (south of u)

2[4]
12| [a
3[1]2]4

(1-1)*

_ 4.3
wig.i(T) =gt (1—q2t3)(1— q%t2)(1 — qt2)(1 — qt)’
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Generating Function Formula

Generating function formula for ES (Ferreira 2011)

ES = Z xthq’t( T).
TeNAF(a,o)
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Alexandersson (2019) studies symmetries of permuted basement Macdonald polynomials.
@ One of the results involves EY where o is the shortest permutation
that sends A to a rearrangement «.

Corteel, Mandelshtam, and Williams (2022) study the asymmetric simple exclusion process (ASEP),
a model of interacting particles.

@ One of the results involves Ef where 7 is the longest permutation
that sends A to a rearrangement «.
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Alexandersson (2019) studies symmetries of permuted basement Macdonald polynomials.

@ One of the results involves EY where o is the shortest permutation
that sends A to a rearrangement .

Corteel, Mandelshtam, and Williams (2022) study the asymmetric simple exclusion process (ASEP),
a model of interacting particles.

@ One of the results involves Ef where 7 is the longest permutation
that sends A to a rearrangement «.

Theorem (D-Mandelshtam, 2025T)
£ -

where o (resp. T) is the shortest (resp. longest) permutation that sends A to a rearrangement Q..
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Main Result

More generally, we have the following result.

Theorem (D—Mandelshtam, 2025%)

Let o be a composition with o = @11 and 6 be a permutation. Then,
ES = EZ",

where OS; = [61,...,Gi+1,6i,...,6n].
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Main Result

More generally, we have the following result.

Theorem (D—Mandelshtam, 2025™)

Let o be a composition with o = @11 and 6 be a permutation. Then,

0 __ [Os;
Eoc —Eoc Y

where OS; = [61,...,Gi+1,6i,...,6n].

How to prove it? Construct a probabilistic bijection between NAF(¢,5) and NAF(o,0s;) when
O = Q1.
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Part Il

Probabilistic Bijections for

Non-Attacking Fillings
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Goal and Sketch

Goal

Construct a probabilistic bijection between NAF(a, ) and NAF(a, os;), where a; = @j41. J

o Naive idea: Just swap the entries 6; and 041 in the basement.

swap o; and Oj41 .
—> “1c d .o
. b at--

Jeldt--
b

*1a

@ An issue: The resulting filling may be attacking.

o Idea for fix: If the resulting filling is attacking, swap entries in the top row as well, and so on.

@ Refinement: To take care of the weights, assign probabilities to each step.
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Definition of the Probabilistic Algorithm by Example

a:(&m&OQL G:ﬂ&L&&ﬂ
i=2 osi =[5,3,1,4,2]

Input:

a|lw|lw| s
R W
WIN[=|NIN

4] 2]
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Definition of the Probabilistic Operator by Example

INPUT

RN
W[N] =[N
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Definition of the Probabilistic Operator by Example

INPUT
3]2
1(2

412 412
411 s
o 1(3 3|1
|1(3
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Definition of the Probabilistic Operator by Example

INPUT
3(2
1|2
4(2 412
e TERMER
|1(3
prob. 1

W| BB~ W=
N = NN

May 24, 2025
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Definition of the Probabilistic Operator by Example
INPUT

RN

WIN| =[N

prob. 1

W| BB~ W=
N = NN

May 24, 2025
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Definition of the Probabilistic Operator by Example

INPUT
3|2
1(2
4|1
412
(1|3
prob. 1 OUTPUT
Y
3(2 3|2
112 prob. depends on o 112
a1 and bold entries NEVYE]
|42 2[4
3|1 3|1
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INPUT

3|2
1(2
4|1
412
(1|3
prob. 1 OUTPUT
Y
3(2 3|2
112 prob. depends on o 112
411 and bold entries VAR
|42 2[4
3|1 3|1
prob. depends on «a
and bold entries
Y
3|2
1(2
&4l
2|4
3|1

Zeus Dantas e Moura (Waterloo)

Probabilistic Bijections for Non-Attacking Fillings

May 24, 2025



INPUT

3|2
1(2
4|1
412
(1|3
prob. 1 OUTPUT
Y
3(2 3|2
1[2 prob. depends on o 1(2
411 and bold entries 211
[4]2 2|4
3|1 3|1
-
prob. depends on «a
and bold entries OUTPUT
Y
3|2 3|2
1(2 1(2
o211 prob. 1 NEEEP,
2]4 2|4
3|1 3|1
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[

c|d
&|al|b ~> cld
) - b|a
same inversion type
c|d
&|al|b s Glcld
. h - b|a
different inversion type
d — b|d
Clalb b|a
clb ~ Clc|b
Clalb b|a
ald ~ &lald ald
&lal|b bla| ° [b|a
alb - Clalb
&lalb b|a
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It is a probabilistic bijection!

Theorem (D-Mandelshtam, 2025T)
The algorithm describes a probabilistic bijection between NAF(o,c) and NAF(a, os;). J
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@ Probabilistic bijections generalize weight-preserving bijections.

@ Write the permuted basement Macdonald polynomial ES as the generating function of
non-attacking fillings NAF (o, o).

e Construct a probabilistic bijection between NAF(o,c) and NAF(c, os;) when o = ¢tji1.
o Conclude that, when @; = 41,

Eg= ) wi(T)= Y owiy(U)=Eg¥.
TeNAF(a,0) UeNAF(a,0s;)
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arxiv.org/abs/2503.06051

@ Probabilistic bijections generalize weight-preserving bijections.

@ Write the permuted basement Macdonald polynomial ES as the generating function of
non-attacking fillings NAF (o, o).

e Construct a probabilistic bijection between NAF(o,c) and NAF(c, os;) when o = ¢tji1.
o Conclude that, when @; = 41,

Eg= ) wi(T)= Y owiy(U)=Eg¥.
TeNAF(a,0) UeNAF(a,0s;)

T\H T|H
AINIK| +— [|AIN|K
Y O oY
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Part IV

Appendix
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401 43 —
gt =[] [ ——

(1-6?£3)(1-¢22)(1-qt?)(1-qt)
3|L[2[4] ¥— 2 \
q-t?
)

214 t

CWe? o | @
(1-q%e3)(1-qt) — gr_
3|1(2|4 =1
\ l\qtz
1\‘721‘2

q3t2(17t)3 o —_—
a3 2L

[ay

N

IS

N

_ -3t
=U1 mabnaam

_ gq(1-t)?
=0 aiaia
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Future Work: a; # a1 via probabilistic bijections

If a; < i1 and o; > Oiyt1, then
. ¢(a,0,i) 1
ES(Xiait) = Eg(Xiqit) + SoriaEg(Xiait)

where A=arm(x) and L =leg(x) for x=(i+1,0;+1) € dg(a).
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Idea for Proof of Balance Condition

@ Define the component of the weight contributed by the row r such that

wtee(T) =[] wtg ((T).

row r

@ Define the probability that the pointer moves up in row r denoted by p(’)(T).

@ Prove “balance condition” row-by-row:
wtq, (T)-pH(T) = wtq (V) - pD(U)  or
wtg (T (1=p(T) ) = wt (V) (1= (V).

with the appropriate choice of p (move pointer up) or 1 —p (delete).
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